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A TREATISE 



OX 

SPHERICAL TRIGONOMETRY. 



1. The boundary of every plane section of a sphere 
is a circle. 

If the cutting plane pass through the center, this is 
evident; and in this case the section is called a great circle , 
and is determined when any two points on the surface of 
the sphere through which it passes are given. All great 
circles are equal to one another, since they have the same 
radius, namely that of the sphere; and they all bisect one 
another, since their planes intersect in diameters of the sphere. 
Hence the distance of the points of intersection of two great 
circles measured on the sphere is a semi-circumference. 

If the cutting plane does not pass through the center 
of the sphere, from O (fig. 1.) the center, drop upon it 
the perpendicular OC, and join C with any point A in the 
boundary of the section ; then 

AC = \/ AO* - OC\ which is invariable; 

therefore the boundary of the section is a circle whose center 
is C; and it is called a small circle. Arcs of small circles 
are very rarely used ; and when hereafter an arc of a circle 
is mentioned, an arc of a great circle, unless the contrary 
be specified, is invariably intended, and in most cases it is 
employed to denote the angle which it subtends at the center 
of the sphere, no regard being had to the radius of the 
sphere. 

2. If OC be produced to meet the surface of the 
sphere in P and P’, then 

PA = \/ PC 1 + AC % which is invariable. 

*1 
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Also if PAM be an arc of a great circle passing through P 
and A, since in equal circles equal straight lines cut off 
equal arcs, the length of the arc PA is invariable. There- 
fore the distance of P is the same from every point in the 
perimeter of the circle AB, whether measured along the 
straight line, or the arc of a great circle, drawn from it to 
the point. The point P, and the point P which has evi- 
dently the same property, are called the nearer and more 
remote poles of the circle AB ; being the extremities of that 
diameter of the sphere which is perpendicular to the plane 
of the circle. They are also the poles of all circles of the 
sphere whose planes are parallel to ACB. 

If MN be the great circle of which P is the pole, 
since OP is perpendicular to the plane MON, and the angle 
POM is consequently a right angle, the distance of P from 
every point in the boundary of MN, measured on a great 
circle, is a quadrant. 

3. The angle at which two arcs of great circles inter- 
sect on the surface of the sphere (in the same way as for 
any other curves) is the angle between their tangents at the 
point of intersection, and, consequently, is the same as the 
angle between the planes in which the arcs lie; for, as the 
tangents are situated in the same planes, respectively, with 
the arcs, and are perpendicular to the radius of the sphere 
which is the intersection of those planes, the angle between 
the tangents is the same as the angle contained between 
the planes. Thus, let two arcs of great circles PA, PB, 
(fig. 1.) intersect in P, and let two tangents be drawn to 
them, viz. PD which will be in the plane POA, and PE 
in the plane POB ; then since PD, PE, are both perpen- 
dicular to PO, z APB = Z DPE = inclination of the planes 
in which the arcs are situated. 

4. Let PA, PB, be produced to meet the great circle 
of which P is the pole in M, N, and any small circle of 
which P is the pole in A, B; and join OM, ON, CA, CB ; 
then since PD, PE are respectively parallel to OM, ON, 

z DPE = z MON -, and therefore z APB = z MON = MN, 
employing the arc, according to a preceding remark, to ex- 
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press the angle which it subtends at the center. This shews 
that if two arcs containing any angle be produced till each 
is a quadrant, the arc joining their extremities (which will 
be a portion of the great circle of which their point of in- 
tersection is the pole) will measure the angle they include. 

Again, AC the radius of the small circle AB 

= OA sin AOP = OA sin PA ; 
and length of arc AB = AC x circular measure of i. ACB 
= OA sin PA x circular measure of i. MON 
= length of arc MN x sin PA. 

5. The planes of all great circles passing through P 
will contain OP, and therefore be perpendicular to the plane 
MON ; therefore all great circles passing through P will 
cut the great circle MN, of which P is the pole, at right 
angles. Great circles which pass through the pole of an- 
other great circle are called secondaries to the latter. 

Hence, a great circle MN being given, its pole P is 
determined either (1) by measuring an arc MP equal to a 
quadrant on any great circle perpendicular to MN ; or (2) by 
drawing any two great circles, not in the same plane, at right 
angles to MN, and producing them till they intersect in P. 
And, conversely, if a point on the sphere be such that an arc of 
a great circle drawn from it perpendicular to a proposed circle 
is a quadrant, or such that quadrants of two different great 
circles are intercepted between it and the proposed circle, 
then that point is the pole of the proposed circle. 

6. The arc joining the poles of two great circles sub- 
tends an angle at the center equal to their inclination ; and 
the point of intersection of the great circles (i. e. the ex- 
tremity of the diameter in which their planes intersect) is 
the pole of the great circle in which their poles lie. 

Let P and Q (fig. 2.) be the poles of AC, BC, two 
great circles whose planes intersect in the diameter OC, then 
each of the angles POC, QOC, is a right angle, therefore 
CO is perpendicular to the plane POQ, and consequently C 
is the pole of the great circle PQAB passing through P 

* 1—2 
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and Q; and since each of the angles POA, QOB, is a 
right angle, 

tPOQ= z AOB = z ACB. 

7- The portion of the surface of a sphere contained 
by three arcs of great circles which cut one another two 
and two, is called a spherical triangle; the planes in which 
the arcs lie forming a solid angle at the center of the sphere. 
The objects of investigation in Spherical Trigonometry are 
the relations subsisting between the angles at which the 
three plane faces containing a solid angle are inclined to one 
another, and the angles which the lines of intersection of 
those plane faces, or the three edges of the solid angle, form 
with one another. 

Let 0 (fig. 3 .) be the vertex of a solid angle contained 
by the three plane faces AOB, BOC, CO A, and let the 
arcs of great circles AB, BC, CA be the intersections of 
these planes with the surface of a sphere described from 
center 0 with any radius; then the inclinations of the planes 
AOB, BOC, COA, to one another are identical with the 
angles A, B, C, of the spherical triangle; and the three 
angles at O are proportional to the sides AB, BC, CA-, 
on this account the spherical triangle ABC, which is called 
the base of the solid angle at O, may be employed with great 
advantage in conducting the investigation of the relations of 
the angles of inclination of the faces and edges of the solid 
angle to one another, which, as has been said, are the proper 
objects of our research. 

The sense in which the spherical triangle is employed 
being once understood, we may transfer our attention from 
the solid angle to the triangle in which its faces cut the 
sphere, and the solid angle need not be represented in our 
diagrams ; but we must still keep in mind that, not the arcs 
forming the sides of the spherical triangle, but the angles which 
those arcs subtend at the center, are concerned in the calcu- 
lations, so that the magnitude of the radius of the sphere is 
of no importance whatever. 

8. The three angles of a spherical triangle are usually 
denoted by A, B, C ; the spherical angle A, or the angle 
BAC contained by the arcs AB, AC, being, as explained above, 
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the angle between the tangents to those arcs, or between the 
planes in which the arcs lie ; and the angles which the sides 
BC, CA, AB , respectively opposite to A, B, C, subtend at 
the center of the sphere, are denoted by a, b , c. When for 
the sake of brevity, the expression side BC, or side a, is 
used, the angle subtended at the center of the sphere by the 
arc BC which is opposite to the spherical angle A, is invaria- 
bly meant. 

9. Since, of the three plane angles which contain a solid 
angle, any one is less than two right angles, and less than 
the sum of the two others, and the sum of the three is 
less than four right angles; therefore, of the three arcs 
forming the sides of a spherical triangle, which are the 
measures of those angles, (l) any one is less than the semi- 
circumference, (2) any one is less than the sum of the two 
others, and (3) the sum of the three arcs is less than the 
circumference of a great circle. 

Also if the great circle of which one side of a triangle 
is a portion, be completed, the hemisphere which it bounds 
will include the triangle; for if not, the points of intersection 
of two great circles would be separated by an arc greater than 
the semi-circumference. 

It is easily seen that if sides greater than a semi-circum- 
ference were admitted, the same angular points might belong 
to different triangles ; as, for instance, to the triangle formed 
by the arcs BC, CD, and BGD (fig. 5.), as well as to the 
triangle BCDH; and that the solution of such triangles (if 
they should ever present themselves) can be made to depend 
on that of triangles limited to have no side greater than a 
semi-circumference. 

10. If a spherical triangle be described on a sphere 
with the angular points of a given triangle for the poles 
of its sides, then the angular points of the triangle so 
described will be the poles of the sides of the given 
triangle; and its sides and angles will be respectively the 
supplements of the opposite angles and sides of the given 
triangle. 

Let ABC (fig. 4.) be a spherical triangle, AB'C another 
spherical triangle whose sides have the angular points of the 
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former for their poles. Join A' C, A' B, by arcs of great 
circles, and produce AB, AC, on the surface of the sphere 
to meet B'C' in G and H ; then CA' is a quadrant, because 
C is the pole of A'B', and BA' is a quadrant because B 
is the pole of A'C' ; therefore (Art. 5 .) the great circle of 
which A' is the pole passes through B and C, or A' is 
the pole of BC ; and similarly B' and C' may be shewn to 
be the poles of AC and AB. From this property, A' B'C 
is called with respect to ABC the Polar triangle. By con- 
struction ABC is the polar triangle of A B C’. 

Also (Art. 4 .) aA=HG= C'G - CH = C'G + B'H - B'C' 

= 180 ° — B'C’, since C'G, B'H are each quadrants; that is, 
the angle A is the supplement of the angle subtended 
by B'C' the side of the Polar triangle of which A is 
the pole, or which is opposite to A. Similarly it may 
be proved that z B, and z C, are the supplements of the 
angles subtended by A’C’, A’B the sides of the Polar tri- 
angle of which B and C are the poles. From this pro- 
perty the triangle A' B'C’ is sometimes called the supplemental 
triangle of ABC. 

Hence between the angles of the given triangle, and the 
sides a , b', c , of the supplemental triangle, we have the 
relations 

A + a' = 1 80 °, B + b' = 180 °, C + c'= 180 °. 

Also since ABC is the supplemental triangle of A’ B'C, 

/.A'= 180°- BC, /.B’= 180°- AC, z C = 180° - AB ; 

so that between the sides of the given triangle and the 
angles of the supplemental triangle we have the relations, 

A' + a = 180 °, B! + b = 180 °, C + c = 180 °. 

11 . This shews that any solid angle contained by three 
planes being given, if through its vertex three planes be 
drawn perpendicular to its edges, these will form another 
solid angle whose edges are perpendicular to the faces of 
the former; and the inclinations of the faces and edges of 
the latter will be supplementary to the inclinations of the 
edges and faces, respectively, of the former. 
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12. The above Proposition is of great importance; for 
if any relation be proved to subsist among the angles and 
sides of a spherical triangle A, B, C, a , b, c, it will also 
hold for A', B', (?, a, b\ c the angles and sides of the 
supplemental triangle, that is, for 180'' — a, 180' — b, &c. ; 
hence any formula involving the sides and angles of a 
spherical triangle will still be true, when throughout it for 
the angles the supplements of the sides are substituted, and 
for the sides the supplements of the angles. 

13. Since if a, 6', c\ be the sides of the supple- 
mental triangle, 

A + B + C + a + b' + c = 6 right angles, 

and a + b' + c always lies between 0 and 4 right angles, 
therefore A + B + C always lies between six right angles 
and two right angles. A spherical triangle, therefore, dif- 
ferent from a plane triangle, has not the sum of its angles 
invariable ; nor can it have more than two of them < 60° ; 
but it may have two or all of them obtuse, or two or all 
of them right angles ; in which latter case it will include 
one eighth of the surface of the sphere. 

14. The area of a spherical triangle is the same fraction 
of the area of a hemisphere, that the excess of the sum of its 
three angles above two right angles is of S60 J . 

Let ABC (fig. 5.) be a spherical triangle; produce the 
arcs which contain its angles till they meet again two and 
two, which will happen when each has become equal to the 
semi-circumference. The triangle is now common to three 
different lunes (or portions of the spherical surface con- 
tained by two semi-circumferences) viz. ABHDC, BCEGA , 
and CBFA, the latter of which is equal to the sum of the 
triangles ABC and DCE, for DCE and ABF are evidently 
equal to one another, since they form the bases of vertically- 
opposite solid angles at O. Now the area of a lune is the 
same fraction of the area of the hemisphere ( S ), that the angle 
between the two semi-circumferences which contain it, is of 
180°; hence, by equating the two values of the area of each 
of the above mentioned lunes, we have 
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A ABC + BHDC S, 

180° 

lune BCEGA = — S, 
180 u 



A ABC + DCE - — S, 
180° 



therefore by addition we get 



2 A ABC + S = 



A + B + C 
180° 



5 -, 



or, 



area of triangle ABC = 



A + 



B+C- 180° 
360° 






The excess of the three angles above two right angles 
is called the spherical excess ; the expression for the area 
cannot be negative, nor > S. (Art. 13.) 



Relations between the sides and angles of a spherical triangle. 

15. A solid angle such as has been before alluded to, has 
six elements, namely, the inclinations of the three plane faces 
to one another, and the inclinations of the three edges to one 
another ; and when any three of these are given, the solid 
angle is, in general, completely determined. Similarly, a 
spherical triangle has six elements, namely, the three sides 
a, b, c, and the three angles A, B, C, respectively opposite 
to them; and it is in general completely determined when 
any three of these are given, as there exist relations between 
the three given elements and each of the unknown ones, by 
means of which the values of the unknown ones can be ob- 
tained. Hence every formula of solution will involve four 
of the elements, and there can be only four distinct combi- 
nations ; the first of three sides and an angle ; the second 
of two sides and two angles respectively opposite to them ; 
the third of two sides and two angles one of which is in- 
cluded by the sides; and the fourth of a side and three 
angles. We shall now investigate the formula belonging to 
each of these cases. 
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16. To find a relation between the three sides and any 
angle of a spherical triangle. 

Let the tangent at A (fig. 3.) to the arc AB meet OB 
produced (which is in the same plane with it) in D, and 
the tangent to the arc AC meet OC produced in E, and 
join DE. Then, equating the two values of the square of 
DE, obtained from the triangles DAE , DOE , we get 

AD > +AE 2 -2AD.AEcosDAE=0D 2 +0E 1 -20D.0EcosD0E i 

therefore, observing that OD* - AD**= OA 2 , OE 2 - AE 2 =OA t , 
since the angles OAD, OAE, are right angles, and that 
/. DOE — BC = a , l DAE = BAC = A , we find 

2 OD . OE cos DOE = 2 OA 2 + 2 AD . AE cos DAE ; 



„„„ 0A OA AE AD 
.. m ,DOE- 0 - i ,. — + - 0 -. bB co. DAE, 



or cos a = cos b cos c + sin b sin c cos A, 
which is the fundamental formula of Spherical Trigonometry. 



17- The construction from which this result is obtained, 
fails unless the two sides b and c that contain the angle A 
are both less than 90", but puts no limitations upon the 
values of A and a. For the formula to be generally ap- 
plicable to any angle of any spherical triangle whatever, the 
proof must be extended to the cases where b and c are, 
one or both, greater than 90°, or, one or both, equal to 90°. 

First, suppose that only one of the containing sides b is 
greater than 90°, and produce the sides CA, CB, (fig. 6.) 
to intersect again in C ; then since AB, AC', are both less 
than 90°, the formula is applicable to the angle BAC = 180°-^ 
of the triangle BAC ; 

cos (180° — a) = cos (180° — b) cos c 
+ sin (180° — b) sin c cos (180° - A), 
or cos a = cos b cos c + sin b sin c cos A, 

the same result as would have been obtained if the formula 
had been applied immediately to the angle A of the triangle 

ABC. 
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Next, suppose that both the containing sides b and c are 
greater than 90°, and produce them to intersect again in 
A' (fig. 7.) ; then the formula is applicable to the angle 
A’ = A of the triangle BA'Ci 

.'. cos a = cos (180° — 6) cos (ISO 0 — c ) 
sin (180 J - b) sin (180 - c ) cos A, 
or cos a = cos b cos c + sin b sin c cos A, 

which shews that the formula holds for an angle contained 
by two sides both greater than 90°. 

Again, suppose AC = b = 90° (fig. 7.), and describe the 
arc DC from the point A as pole; then, provided DC = A be 
different from 90°, the formula is applicable to the angle D 
of the triangle BDC, and gives 

cos a = cos (90° c) cos A + sin (90° c) sin A cos 90°, 
or cos a = sin c cos A , 



the same result as if the formula had been applied directly to 
the triangle ABC. If, in this case, DC is 90", then BC also is 
90° (Art. 5), and the triangle is one with two quadrantal sides, 
and, consequently, with two right angles, for either of which 
the formula is evidently verified, as it leads to the equation 
0 = 0. If both the containing sides b and c be 90’, then 
a = A, which agrees with the result given by the formula, 
namely cos a = cos A. 



18 



„ . cos a ( 1 — cos c) 

!. If a = 0, then cos A = : : = cos B ; 

sin a sin c 



.-. A = B, since neither of them can exceed 180°. Conversely, 
from the Polar Triangle it follows that if the angles at the 
base are equal, the sides opposite to them are equal. 

Also if A > B, making L DAB = i. DBA (fig. 8.), we have 
DA = DB, and consequently CD + DB = CD + DA > AC, 
or a>b\ that is, the greater side is opposite to the greater 
angle. 



19. If the formula which we have just proved to ex- 
press the relation between the three sides and any angle of 
any triangle, be applied in succession to the three angles 
A, B, C, it gives 
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cos o ■» cos h cos c + sin 6 sin c cos A (1), 

cos b = cos a cos c + sin a sin c cos B, 

cos c = cos a cos b -f sin a sin b cos C, 

three equations which comprehend implicitly the whole of 
spherical trigonometry ; since when any three elements are 
given, they enable us to find all the rest. As however it 
is desirable that each of the unknown elements should enter 
singly into the formula by which it is determined, we pro- 
ceed to investigate the other three distinct formulae which, 
in conjunction with (l), will always effect that object. 



20. To find a relation between two sides and two angles 
respectively opposite to them. 

• . . . cos a — cos b cos c 

We have cos A = ; — — - ; 

sin h sin c 



sin 8 A = J — cos 8 A 



(cos a — cos b cos c) 8 
sin 8 b sin 2 c 



(l — cos 2 6) (l — cos 2 c) — (cos a — cos b cos e)' 
sin 2 b sin* c 



1 — cos 2 a — cos 2 b — cos "c + 2 cos a cos b cos c 
sin 2 b sin 2 c 

sin A \/(l — cos 8 a — cos 2 b - cos 3 c + 2 cos a cos b cos c) 
sin a sin a sin b sin c 

taking the radical with a positive sign because sin A and 
sin a are both positive ; now the second member is a sym- 
metrical function of a, b, c, that is, an expression whose 
value remains unaltered when a, b, c are interchanged in any 
manner ; consequently the ratio sin A -f- sin a, has a constant 
value for each of the angles of the triangle; hence we have 
the three equations 

sin A sin B sin C 

sin a sin b sin c ’ 



which shew, since this result is as general as the one from 
which it is deduced, that in any spherical triangle what- 
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ever, the sines of the angles are to one another as the 
sines of the sides opposite to them, 

The direct method of proving this would be to obtain 
values of sin c and cos c from the two former of the equations 
of Art. 19, and substitute them in the formula sin 2 c + cos*c = 1 ; 
but the above is a simpler process. 

21. The preceding proposition may be proved inde- 
pendently as follows. 

Drop the perpendicular AP (fig. 3.) upon the plane face 
BOC, and the perpendiculars PM, PN, upon the edges 
OB, OC, of the solid angle whose vertex is O and base the 
spherical triangle ABC, and join AM, AN. Then a line 
through P parallel to OM would be at right angles to the lines 
AP, PM, and therefore to the plane APM; consequently OM 
is perpendicular to the plane AMP, and therefore Z AMP 
= Z B; similarly z ANP= Z C. 

Hence AM sin B = AP = AN sin C ; 

and AM = AO sin AB, AN = AO sin AC, 
sin AB . sin B = sin AC . sin C. 

In the figure we have supposed the two sides AB, AC, 
to be both less than 90*. Suppose only one of them AC 
(fig. 6.) greater than 90°, then from the triangle AC' B, 

sine sin (180° - B) = sin (180° — 6) sin C‘ , 
or sin c sin B = sin b sin C. 

If both AB and AC be greater than 90°, then from 
the triangle A BC (fig. 7 ) 

sin (180° — c) sin (180° — B) = sin (180° — 6) sin (180° - C), 
or sin c sin B = sin b sin C. 

If AC = 90°, then from the triangle ADB, (fig. 6.) C being 
the pole of AD, (unless AB — 90°) sin AD sin D — sin A B sin B, 
or sin C = sin c sin B. If AB also = 90°, the triangle has two 
quadrantal sides, and consequently two right angles opposite 
to them, for which the formula is evidently verified. These 
results prove the relation above stated, to subsist for the 
angles, and sides opposite to them, of any triangle whatever. 
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22. To find a relation between two sides, and two 
angles one of which is included by the sides ; for instance 
between a, A, A , C. 

In the equation cos a = cos b cos c + sin b sin c cos A 
substituting for cos c and sin c their values 

cos c = cos a cos b + sin a sin b cos C 



sin c = sma 



sin C 
sin A ’ 



we find 



-cos a 



cos a cos 2 A + sin a sin b cos b cos C+sin b sin a ^ cos A ; 

sin^f 



therefore, transposing cos a cos "A, and observing that 
cos a — cos a cos *6 = cos a sin* 6, 
and dividing the whole by sin« sin A, we find 
cot a sin A = cot A sin C + cos A cos C. 

This formula is as general as those from the combina- 
tion of which it has been deduced ; and the remembering of 
it may be facilitated by observing that each member begins 
with a cotangent multiplied by a sine, the first with any 
two sides taken at random, the second with two angles of 
which the former only is opposite to the former of the 
sides already involved ; the last term is the product of the 
cosines of the elements whose sines are already involved. 

23. To find a relation between the three angles and 
any side of a spherical triangle. 

The simplest mode of effecting this is to apply the fun- 
damental formula (l) to the supplemental triangle, which 
gives 

cos a — cos b' cos c + sin b' sin c' cos A' ; 

then, substituting for o', A', c, A’, their values in terms of 
the sides and angles of the proposed triangle, namely, 

a = 180° - A, A' =180° -5, c = 180° — C, A' «= 180° - a, 
we find for the side a the formula 

cos A = — cos B cos C + sin B sin C cos a. 
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from which the corresponding formula 1 for the sides b and c 
may be immediately deduced. The direct method of proof 
in this case would be to eliminate b and c from the three 
equations of Art. 19. 

24. To prove Napier’s Analogies. 

We have by the preceding Article 

cos A + cos B cos C = sin B sin C cos a, 

cos B + cos A cos C = sin A sin C cos 6, 

cos B + cos A cos C sin A cos b sin a cos b 
cos A + cos B cos C sin B cos a sin b cos a' 

therefore, comparing the difference of the terms of each ratio 
with the sum of the same terms, 

cos B — cos A 1 — cos C sin (a — b) 
cos B + cos A 1 + cos C sin (a + b) ’ 

or tan ^ ( A + B) tan ^ (A — B) tan 2 -^ C 

sin^ (a — b) cos ^ (a — b) 
sin^ (a + b ) cos^ (a + 6) 

sin A sin a . tan A ( A + B) tan A (a + b) 

But — — =— ; gives f-7 = 1 . 

sin B sin b tan^(^-B) tan ^ (a — b) 



Multiplying these equations together, and dividing one 
by the other, and extracting the roots, observing that 
^ (A - B) and l(a-fc) are less than 90° and of the same 
sign, and consequently by equation (1) tan ^ (A + B) and 
cos ^ (a + b) must have the same sign, (and therefore 
^ {A + B), ^ (a + b), since neither can exceed ISO 0 , are both 
less or both greater than 90°,) we find 

tan £ (A + B) => — S ^ -- — — cot £ C, 

£ cos ^ (0 + 6) * 



tan %(A-B) = 



sin ^ (a — b ) 
sin ^ (a + b) 



cot C. 



Also, applying these formulae to the polar triangle, or, 
•which is the same thing, replacing A, B, C, a, b , by 
180° - a, 180“ - 6, 180° - c, 180° - A, 180° - B, we find 
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tan ^ (a + b) — 
tan £ (a - b) = 



cos (A - B) 
cos £ (A + B) 
sin ^ (A - B) 
sin £ (A + B) 



tan ^ c, 
tan ^ c. 



25. Th ese formulae, being under the form of analogies 
or proportions, are known under the name of Napier’s Ana- 
logies ; they are useful in the solution of triangles, the two 
former when two sides and the included angle are given, 
the two latter when one side and the two angles adjacent 
to it are given. 

They may be likewise put into the following shape. 

Since 



1 + cos c = 1 + cos a cos b + sin a sin 6 (cos* £ C — sin 2 ^ C) 

= { 1 + cos (a - b) } cos*^ C + { 1 + cos (o + b) j sin*^ C ; 
,\ cos* ^ c = cos' ^ (a - b) cos* |Ct cos 8 A (a + b ) sin* 1 C. 
Similarly, 



sin*^ c = sin* ^ (a - b) cos*^ C + sin*^ (a + 6) sin 8 ^ C. 

Now add unity to the square of each member of the 
two first analogies, and we find 



sec *1(A + B) = 
sec*^ (A — B) = 



cos*-^ c 

cos*^ (a + b) sin*-^ C ’ 
sin* ^ c 

sin 2 ^ (a + b ) sin* £ C ’ 



or, extracting the roots, since {A + B), ^(a+b) are both 
greater or both less than 90’, 



cos ^ (A + B) cos ^ c = cos ^ (a + 6) sin ^ C, 

cos^(a( — B) sin^c = sin J (a + b) sin ^ C; 

and multiplying these respectively by the two first analogies, 
sin ^ (A + B) cos | c = cos ^ ( a - b ) cos ^ C, 

sin ^ (A - B) sin ^ c = sin ^ (o - b) cos ^ C.* 



• These four formula; are sometimes proved by substituting in the developments 
of cos J (A + B ), cos j ( A - B ), &c., the values of cos j A, sin £ A, &c., in terms 
of the sides, found below, Art. 34. 



Digitized by Google 




16 



Solution of right-angled triangles. 

26. When in the triangle ABC (fig. 10.) the angle A is 90°, 
that is, when the plane of the great circle AB is perpendicular to 
the plane of the great circle AC, the spherical triangle is called 
right-angled, and the side BC = a is called the hypothenuse. 
By a right-angled triangle is usually understood a triangle 
with only one right angle, the two remaining angles being 
either acute or obtuse ; for if there should be two right angles 
A and B, then the sides opposite to them BC and AC would 
be quadrants, and the angle C would equal AB ; or if there 
should be three right angles, then all the sides would be 
quadrants (Art. 4 .) ; so that it is needless to consider these 
particular cases. As a triangle is in general determined when 
any three parts are given, a right-angled triangle, with one 
exception, is determined when any two parts are given. To 
obtain the formulae necessary for the solution of right-angled 
triangles, we have only to make A = 90° in the fundamental 
relations which have been investigated for any triangle what- 
ever. These formulae, by means of which when any two parts 
of a right-angled triangle are given, the remaining three be- 
come known explicitly in terms of the given quantities, are 
embodied with equal elegance and convenience in Napier’s 
Rules, the enunciation and proof of which are as follows. 

27. The right angle being left out of consideration, the 
two sides including the right angle, and the complements of 
the hypothenuse and of the two other angles, are called cir- 
cular parts. Any one of these being taken as the middle 
part, the two circular parts which, or their complements, are 
immediately contiguous to it, or its complement, in position, 
are called the adjacent parts; and the other two parts are 
called the opposite parts. Then, whatever the middle part 
be, whether a side, or the complement of the hypothenuse, 
or of an angle, 

sine of the middle part 

= product of the tangents of the adjacent parts ; 
sine of the middle part 

= product of the cosines of the opposite parts. 
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1st. Let the complement of the hypothenuse 90° - a be 
middle part, then 90“ - B, 90° - C, are the adjacent parts, 
and ft, c, the opposite parts ; and the formulae, 

cos A = - cos B cos C + sin B sin C cos a, 

cos a — cos b cos o + sin b sin c cos A , 

since A = 90°, and therefore cos A — 0, sin A = 1, become 

cos a = cot B cot C, or sin (90’ - a) = tan (90°- 5) tan (90° - C), 

cos a = cos 6 cos c, or sin (90° - a) = cos ft cos c. 

2nd. Let the complement of an angle 90° — C be 
middle part, then 90° — a and 6 are the adjacent parts, and 
90’ — B and c the opposite parts ; and the formula? 

cot a sin ft = cot A sin C + cos C cos ft, 

cos C = - cos A cos B + sin A sin B cos c, 

become cos C = cot a tan ft, or sin (90®- C ) = tan (90“- a) tan ft, 

cos C = sin B cos c, or sin (90°-C) =cos (90°- B) cosc. 

If 90“ - B be taken for middle part, the rules may be 
proved exactly in the same way. 

3rd. Let either side ft be middle part, then 90°- C and c 
are the adjacent parts, and 90° -a and 90“ - B the opposite 
parts, and the formulae 

cot c sin ft = cot C sin A + cos A cos ft 

sin A sin ft = sin a sin B, 

become sin ft = cot C tan c, or sin ft = tan (90“ — C) tan c, 

sin ft = sin a sin B, or sin ft « cos(90°-a) cos(90“-jB). 

If c be taken for middle part, the rules may be proved 
exactly in the same way. 

28. We are thus furnished with ten relations amongst 
the five parts of a right-angled triangle, each being a different 
combination of three of the parts ; but five parts, taken three 
at a time, can be combined only in 10 different ways ; conse- 
quently the above Rules, when any two parts whatever are 
*2 
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given, will supply us with formulae in which each of the re- 
maining parts is separately combined with those two given 
parts, and in a form adapted for the immediate application of 
logarithms. 

There can evidently be only six distinct cases, viz. 1 and 2 
when the hypothenuse is given together with an angle, or 
with one of the sides containing the right angle; 3 and 4 when 
one of the sides containing the right angle is given together 
with the angle adjacent to it, or with the angle opposite to it ; 
5 and 6 when the two sides containing the right angle are 
given, or when the two angles are given. In applying Na- 
pier’s Rules to obtain the three unknown parts from two 
given ones, it is sometimes requisite to take for middle part 
one of the given parts, and sometimes one of those that are 
sought, the sole object being to separately combine each of the 
unknown parts with the given ones. We shall now go through 
the six cases of solving right-angled triangles, first however 
premising the two following observations. 

29- The formula cos a — cos b cos c requires that either 
all three, or only one of the cosines should be positive ; there- 
fore the three sides of a right-angled triangle are either all less 
than 90°, or two of them greater than 90°, and the third less. 

The formula sin c = cot B tan b = tan b — tan B shews that 
tan B and tan b have the same sign, since sin c is always posi- 
tive, c being less than 180°; therefore B and b, since neither 
of them can exceed 180°, are both greater or both less than 90 fl ; 
that is, in right-angled triangles a side and the angle opposite 
to it are either both greater or both less than a right angle; 
this is usually expressed by saying that they are of the same 
affection. 

30. Hence (fig. 14) if BCD' be a great circle perpendicular 
to DAD', and CD be less than 90°, CD is the least and CD' 
the greatest arc that can be intercepted between the point C and 
DAD ' ; and of the arcs so intercepted the nearer any one is to 
CD, the less it is. For since CD is less than 90°, / CBD 
< 90° < CDB, and therefore CD < CB. Also z CBD > 90 0 
> CD'B, and therefore CD' > CB. And from the equations 
cos AC = cos AD cos CD, cos BC «* cos BD cos CD, it is easily 
seen that BC < AC. 



Digitized by Google 




19 



31. Case I. Having given the hypothenuse a, and 
an angle B, to find b, c, C. 

Taking successively b, 90° - B, and .90° — a, for middle 
part, we get 

sin b = sin a sin B, cos B = cot a tan c, cos a = cot B cot C ; 

C and c are determined without ambiguity, and b must be of 
the same affection as B. 

Case II. Having given the hypothenuse a, and a side b, 
to find c, B, C. 

Taking successively 90° — a, b, 9CP - C for middle part, we 

8 ®* 

cos a = cos b cos c, sin b «= sin a sin B, cos C ■= cot a tan b. 

By these formulas c and C are determined without ambi- 
guity, for there is only one angle less than 1 80° corresponding 
to a given cosine ; also B, though determined by its sine, is 
not ambiguous since it must be of the same affection as 6. 

Case III. Having given one of the sides containing the 
right angle b, and the angle adjacent to it C, to find a, c, B. 

Taking successively 90° — C, b, 90° - B for middle part, 
we get 

cos C = tan b cot a, sin b = tan c cot C, cos B = cos b sin C, 
which determine a, c, B without ambiguity. 

Case IV. Having given one of the sides containing the 
right angle b, and the angle opposite to it B, to find a, c, C. 

Taking successively b, c, 90° - B, for middle part, we get 

sin b = sin B sin a, sin c = cot B tan b, cos B = sin C cos b. 

Here there is an ambiguity, all the unknown parts being 
determined by their sines ; and it is easily seen that such ought 
to be the case. For if we produce the two sides BA, BC 
(fig. 11.) till they intersect again in B we have a second right- 
angled triangle CAB’ in which the side b and the angle B 1 = B 
are evidently the same as in the triangle ABC ; and the other 
parts of the second triangle are the supplements of the cor- 
responding parts C, a, c of the first triangle. Hence we 
may take a either less or greater than 90°, but having made 
the choice, c will be given by the relation cos a = cos b cos c, 

* 2—2 
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and then C will be of the same affection as e; and thus the 
two triangles, which equally solve the problem, will lie deter- 
mined. 

There will however be only one triangle if b = B, having 
two right angles ; and none at all, if sin b > sin B, for then the 
value of sin a is impossible. In the latter case, since B and 
b are of the same affection, 6 is greater or less than B, accord- 
ing as B is acute or obtuse ; and therefore B and b cannot 
form parts of a right-angled spherical triangle; for if P be 
the pole of AB , and B of DE, then when B is acute so 
that ABC is the triangle, PC < PE (Art. 30 ), and therefore 
AC < DE, i.e. b cannot be greater than B ; and when B is 
obtuse so that ABC is the triangle, then PC > PE' and there- 
fore AC' > DE', i. e. b cannot be less than B. Hence when 
z B is acute, there is no triangle if b> B, one if b = B, and 
two if b < B ; and when i B is obtuse, there is no triangle if 
b < B, one if b = B, and two if b > B. 

Case V. Having given the two sides containing the right 
angle b and c, to find a, B, C. 

Taking successively 90° - a, c, b, for middle part, we get 

cos a = cos b cos e, sin c = cot B tan b, sin b = cot C tan c, 
which determine a, B, C, without ambiguity. 

Case VI. Having given the two oblique angles B and C, 
to find a, b, c. 

Taking successively 90° -a, 90° — B, 90° -C for middle 
part, we get 

cos a = cot B cot C, cos B = cos b sin C, cos C = cosc sin B. 

These formulae leave no ambiguity; and if the triangle 
is impossible they will shew it. 

Solution of quad rental and isosceles triangles. 

32. Of other triangles which may be solved as right- 
angled triangles, the principal class is that called quadrantal 
triangles, in which one side, a, is a quadrant. Since the |>olar 
triangle in this case will have one angle A’ = 180° - a = 90°, ap- 
plying Napier’s Rules to it we get 
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cos a — cot B' cot C' or = cos b' cos c , 
cos C = cot «' tan b' or = sin B cos c, 
sin c = cot B' tan b' or = sin a sin C ■ 

Therefore, substituting for a , b\ Sec. their values, we get 

— cos A = cot b cot c or = cos B cos C, 

— cos c = cot A tan B or = — sin b cos C, 
sin C = cot b tan B or = sin A sin c ; 

or, sin (j<-9O 0 ) = tan (90°-6) tan (90°-c) or = cos B cos C, 

sin (90“-c)=tan (A-yW) tan B or = cos(90°-fe) cos C, 

sin C=tan (90"-fc) tan B or = cos (A - 90 °) cos ( !0’-c ) ; 

which shew that if the complements of the two sides, the com- 

plement of the hypothenusal angle taken negatively, and the 
two other angles be taken for the circular parts, that is, 

90 0 - b, 90 °-c, - (90° - A), B and C, the quadrantal triangle 
may be at once solved by Napier’s Rules. 

33. If a triangle be isosceles, joining the vertex with the 
middle of the base by the arc of a great circle, we divide it 
into two right-angled triangles equal in all respects ; if there- 
fore any two parts of an isosceles triangle be given, (counting 
however the two equal sides as only one element and the two 
equal angles opposite to them only as one element,) all the parts 
of the triangle may be determined by the Rules for right- 
angled triangles. 

Also, if in a spherical triangle the sum of any two sides 
a + b = 180°, producing b and c till they intersect again in A' 
(fig. 7.) we have b+ CA' = 180°; .\ CB=A'C\ hence the 
solution of the triangle ABC is reduced to that of the isosceles 
triangle A'CB. The condition a + b = 180" is evidently the 
same as ^1+5=180°; for since A'C=CB, / CA'B=CBA'=A, 
therefore A + B = CBA' + CBA = 180". 

Solution of oblique-angled triangles. 

34. Oblique-angled triangles, in which there must always 
be given three of the six elements A, B, C, a , b, c, present six 
distinct cases, the data in them being as follows : 1 . three 
sides ; 2. two sides and an angle opposite to one of them ; 
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3. two sides and the included angle ; 4. two angles and the side 
opposite to one of them ; 5. two angles and the side adjacent to 
them both ; 6. three angles. All these cases are readily solved 
by means of the four fundamental relations expressed by the 
formula- of Arts. 19 — 23 ; but as these formula require certain 
modifications to make them suitable for actual computation by 
means of logarithms, it is necessary to go through each case 
separately. 



35. Cask I. Having given the three sides, to find the 
angles. 



We have (Art. 16.) cos A 



cos a — cos b cos c 
sin b sin c 



which gives A, the secoud member being entirely known ; and 
by similar formula may B and C be determined ; but this 
formula is not suited to logarithmic calculation, a defect in it 
that may be supplied as follows. First we have 

2 sin 2 \A = 1 — cos A , 

and substituting for cos A its value, we get successively 

... , cos cl — cos b cos c cos b cos c + sin b sin c — cos a 

2 sin s 1 A = 1 — r- : 

sm o sin c sm b sm c 

cos (6 - c)-cosa 2 sin ^ ( a+b-c ) sin J'( a-b+c ) 
sin b sin c sin b sin c 



To simplify this, let half the perimeter of the triangle be 
denoted by a, so that a + b + c = 2s ; a + b — c =,2 (a — c), 
s - 4 + c = 8 (» - b); hence substituting, and extracting the 
root, we find 



sin J A = 



V* 



sin (a — b) sin (s — c) 
sin b sin c 



With equal facility may similar expressions for cos| A 
and tan ^ A be found. For 

, , cosa— cost cosc cos a— cos (fc+c) 

2 cos 2 A A=l+ cos A = m . — ■ - . ■= : — - — : 

* sm b sin c sm b sm c 




sin b sin c sin b sin c 
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cos 



, . /sin 8 sin (s — a) 

- V r~r4 

sin b sin c 



. , , , . , , , , /sm (« - 6) sin (« — c) 

Also tan A A = sin A A 4- cos k A = \/ - : . — , . 

* * * sinssm(s-a) 



These formulae determine the angle without ambiguity ; 
for since A is the angle of a spherical triangle, ^ A is less than 
90°. The principles which must guide us in selecting a for- 
mula for any particular case, are the same as those explained 
in Plane Trigonometry, Art. 113. 



36. Taking twice the product of the values of sin ^ A 
and cos A A, we find 

. 2 / : : 

sin A = — — ; — : — v sin s sin (s — a) sin (s — b) sin (s — c) ; 
sm b sin c 



which, as it requires seven logarithms, is not an advantageous 
formula for the calculation of A. It is the form to which the 
expression for sin A in Art. 20 may be reduced. 



37. Case II. Having given two sides a, b, and the 
angle A opposite to one of them, to find c, B, C. 

The angle B opposite to the side b may first of all be ob- 
tained from the relation 

. _ sin A sin b 

sm B = . . 

sin a 



Then C and c may be determined by Napier’s Analogies, 
which give 

, „ cos A (« — b) . . . „ 

tan £ C = - — cot k(A + B), 

cos A (o + 0) 

, cos A (A + B) . , 

**“ * 0 - ™ | “ n * t» + ■ *>■ 



38. As the angle B is determined by its sine, it may be 
either greater or less than 90°; this case, consequently, will 
often admit of two solutions; but for certain values of the 
given elements a, b, A there will be only one triangle, or none 
at all, under the usual restriction of having no side greater 
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V 



than 180°. To the examination of these circumstances, analo- 
gous to what happens in the second case of Plane Triangles 
(Art. 105.), we shall afterwards recur. The ambiguity to a 
certain extent may be removed by observing that, as ^ (a + b) 
and ^ (A+B) are of the same affection (Art. 24.), if a +b >180°, 
then A + B> 180° ; if therefore A be less than 90°, B must be 
greater than 90°, and consequently there can be only one 
triangle having the given elements, although there may be 
none ; but if A be greater than 90“ , then a value of B either 
greater or less than 90° will satisfy the condition A + B> 180°, 
and consequently there may be two triangles having the given 
elements, although there may be none. Again if a + b < 180°, 
then A + B < 1 80° ; if therefore A be greater than 90°, B must 
be less than 90°, and there can be only one solution ; but if A 
be less than 90°, then a value of B either greater or less than 
90° will satisfy the condition A + B< 180°, and there may be 
two solutions. 



39. We may determine C and c directly from the given 

quantities, without first finding B. From Art. 22, we get 

. . / . cotA\ 

cot a sin b-cotA sin C + cos b cos C= cos b I cos C + sinC ). 

\ cos b) 

Let <p be a subsidiary angle determined by the equation 

cot A 

tan d> = ; 

r cos b 



.*. cot a tan b 



cos (C - <p ) 
cos (p 



or cos (C - <p) 



tan b cos <p 
tan a 



* 



from which C - <p, and consequently C, may be obtained. 

Again, we have cos a - cos b cos c + sin 6 sin c cos A 

* cos 6 (cos c + sin c tan b cos A). 

Let 6 be a subsidiary angle determined by the equation 
tan 9 = tan b cos A ; 



cos (c - 6) , cos a cos 9 

cos a = cos b . ^ — , or cos (c - 9) 



cos 9 



cos b 



from which c - 9, and consequently c, may be obtained. 
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40. With respect to such transformations as those just 
made, and which are of constant occurrence in this subject, 
it may be observed that their object in every case is to 
change into a product a binomial of the form m sin a + n cos a; 
this is done by first making one of the quantities m or n a 
factor of the whole expression, so that it becomes m (sin a 

n ,n 

+ — cos a), and then equating— to the tangent or cotangent 

m m 

of an angle (<£>), which is always allowable as the tangent and 
cotangent are susceptible of all values; by this substitution 
the expression is reduced to 

m sin (a + d>) to cos (a — <p) 

c_ or — . 

cos <p sin (p 

41. It is also worth remarking that the introduction of 
the subsidiary angles <p and 9 amounts to dividing the pro- 
posed triangle into two right-angled triangles. Thus, in the 
present case, if CD = A (fig. 13.) be an arc of a great circle 
drawn from the angle included by the given sides perpen- 
dicular to the opposite side, and if l ACD = (j> and the seg- 
ment AD = 9, then from the right-angled triangles ACD, 
BCD, by Napier’s Rules, we get 

cos b = cot <p cot A, cos A — cot b tan 9, 

. cos <p 

cos (C -(b) = tan h cota = c . cot a, 

r cot b 

cos b 

cos a = cos A cos (c - 9) = . cos (c - 9), 

cos 9 

which are identical with the former results, and involve the 
same ambiguities. 

42. Case III. Having given two sides a, b, and the 
included angle C, to find A, B, c. 

By Napier’s Analogies we have 

, , . cos A (a - b) , „ 

tan £ (A + B) = — *— -—cot £ C, 

cos ^ (a + o) * 

* 

. , , sin A (a - b) 

tan £(A - B) = , f — tt tot £ C, 
a sin (a + b) * 
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which determine (A + E) and ^ (A - B), and consequently 

A and B ; and these being known, we obtain c from the 

sin C . . . , . 

equation, sm c = ■ sin a, observing that the greater side is 

opposite to the greater angle. Or, c may be found by one 
of the formulae of Art. 25, and then only two additional 
logarithms will be wanted. 



43. If it be required to determine c independently of 
A and B, we have 



cosc = cosacos 6 + sin a si n 6 cos C = cos a (cos 6 + sin 6 tan a cos C) . 

Let 9 be a subsidiary angle determined by the equation 
tan 0 = tan a cos C ; 

cos a cos ( b — 9) 



cos c = 



cos 9 



which gives c without ambiguity. 

Also A may be independently determined from the for- 
mula 

cot a sin b — cos b cos C / cot a . , 

cot A = ; — — = cot C I — — sin b — cos b 

smc \cos C 




which, introducing the same subsidiary angle 9, becomes 



cot A = 



cot C sin (b — 0 ) 
sin 9 



It is easily seen that these results may be obtained by drop- 
ping the arc BD' perpendicular to AC, and calling the segment 
CD' =9. (% 13.) 

The side c and the angle B may in a similar manner be 
directly found from the given quantities by dropping a per- 
pendicular from the angle A upon the opposite side. 



44. Case IV. Having given two angles A and B, with 
the side adjacent to both c, to find a, b, C. 

By Napier’s Analogies we have 

i ✓ in cos i - B) , 
tan £ (a + b) = f tan | e, 

54 cos ^(A + B) 2 

* i , si" h(A - B) 

a. f m+j) 1 -**’ 
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which determine \ (a + 6), ^ (a - b), and consequently a and 
b ; and these being known, we have C from the equation 

. sin c . 
sin C = - — sin A, 
sin a 

observing that the greater side is opposite the greater angle. 

45. If it be required to determine C independently of 
a and b, we have 

cos C = — cos A cos B + sin A sin B cos c 
— cos A (- cos B + sin B tan A cos c), 
and determining the subsidiary angle <p by the equation 

cos A sin ( B - d>) 

cot <* « tan A cos c, we get cos C = - — , — • 

r ° sin (p 

Also a may be independently determined from the formula 

( T1 • cot A \ 

cot a sin c = cot A sin B + cos c cos B = cos c eoslf + sin B , 

\ cos c / 

which, introducing the same subsidiary angle <p, becomes 

cot c cos ( B — d>) 

cot a = — . 

cos <b 

It is easily seen that these results may be obtained by drop- 
ping the arc BD' perpendicular to AC and calling /.ABD'*=(p. 

The side b and l C may in a similar way be determined 
directly from the given quantities by dropping the perpendicu- 
lar from the angle A. This case is analogous to the third 
and gives rise to no ambiguity. 

46. Cask V. Having given two angles A, B, and the 
side a opposite to one of them, to find b, c, C. 

This case, being exactly analogous to the second, is treated 
in the same way, and gives rise to the same ambiguities. 

The side b may be first of all obtained from the formula 

s j n ft _ — sin a, and then C and c from the formulae 

sin A 
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cos A (« — k) 



tan 4 C = j— cot 4 M + ^)> 

* COS J ( tl + l>) * 

. cos A (A + B) . 

tan A c = — — tan A (a + It). 

2 cos^ (A - B) 2 v ’ 



47. VVe may also determine C and c directly from the 
given quantities ; for we have 

cos A = - cos B cos C + sin B sin C cos a 



= cos B (— cos C + sin C tan B cos a) 



cos B sin ( C - y/, ) 
sin yj/ 



\f/ being a subsidiary angle determined from the equation 
cot v|/ = tan B cos a. Also 



cot a sin c = cot A sin B + cos c cos B, 



cot a 



if we determine (p by the equation cot tp = — , becomes 



/ . cot a \ cos B sin (c - <p) 

cot sin 2? = cosZr -cosc + sinc — = : 

\ cos Bj sin <p 



These results may evidently be obtained by dropping the 
arc CD perpendicular on AB, and calling l BCD = \p, and the 
segment BD = <p. 



48. Cask VI. Having given the three angles A, B , C, 
to find the sides a, b, c. 

The formulae of solution in this case are obtained by a 
process exactly similar to that in Case I. We have 

cos A + cos B cos C 

cos a m ; — — — — ; 

sin B sin C 



2 sin 2 ^ a “ 1 



cos A + cos B cos C 
sin B sin C 



cos A + cos (■ B + C) 
sin B sin C 



2 cos 4 i (A + B + C) cos 4 (B + C - A) 
sin B sin C 
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Let A + B + C = 25; .-. B + C - A = 2(.V - A) ; hence 

substituting, and extracting the root, 



sin ^ a = \f - 
Similarly, cos a 



- cos S cos (»9 — A) 
sin B sin C 

/ cos (.S' - 2?) cos (S - C) 
sin B sin C 



tan 



, A / — cos .S' cos ( S — A) 

2 a= V cos (5- B)cos(S- Cj‘ 



These values, which might have been derived from the for- 
mulae of Case I. by means of the Polar Triangle, are always 
real. In the first place S is always greater than 90 0 and less 
than 270°, therefore cos S is always negative ; also because in 
the supplementary triangle, a <b' + c, 

180°- A < 180° - B + 180°- C, or B + C - A< 180°; 

consequently S - A < p0°, and its cosine is positive ; and in 
like manner cos (S - B), cos (S — C), are positive. 



Ambiguous cases in die solution of oblique-angled triangles. 

49. It appears that the only cases in which any doubt 
can arise as to the values of the computed elements, are the 
second and the fifth ; and it becomes necessary to investigate 
the conditions to which the given elements are respectively 
subject, when they correspond to two triangles, or to only one, 
or to none at all. 

Let ADI?, DCD', (fig. 14.) be two great circles at right 
angles to one another, and ACE a circle making an acute angle 
CAD with ADD'-, then (Art. 30) CD is less than 90 ° and is the 
least arc, and CD’ is the greatest arc, that can be intercepted 
between Cand the circle ADD'-, and of the arcs so intercepted, 
those which are equally inclined to CD or CD' are equal to 
one another, and the nearer any arc is to CD the less it is, and 
the nearer any arc is to CD' the greater it is. Suppose now 
/. CAD = A, or i CAD'** A, to be the given angle according as 
it is acute or obtuse, and AC = b the given adjacent side ; then 
if the given opposite side a be intermediate in magnitude to 



Digitized by Google 




30 



the perpendiculars CD and CD', the small circle described 
with pole C and angular radius = a will always cut ADD' 
in two points, and determine two admissible triangles having 
the proposed elements A, b, a ; except in the cases in which 
one or both of the triangles become inadmissible on account 
of having a side > 180°, or an angle = 18 CP— A instead of A. 

But if the side a be less than CD, or greater than CD', 
the small circle described from C as pole with angular ra- 
dius = a, will never intersect ADD', but fall entirely above 
it in the former case, and below it in the latter; and the 
Construction of a triangle with the proposed elements will 
be impossible. This also appears from the formula; for if 
a < CD, then since CD < 90°, sin a < sin CD < sin A sin 6 ; 
and if a > CD r , then since CD' > 90°, sin a < sin CD' < 
sin A sin b ; so that in both cases the equation sin Z?=sin A sin b 
-7- sin a for determining B, is impossible. 

Excluding therefore these impossible cases, and always sup- 
posing the circles to cut one another, we shall now examine in 
what cases one or both of the triangles determined by their in- 
tersections are inadmissible on account of having a side > 180°, 
or an angle = 180° — A instead of A. 

50. Case I. Let the given angle A be less than 90°; 
and first suppose b less than 90°, then AD is less than 90° 
(Art. 30.) and less than DE. If therefore a be less than 6, 
it is evident that we may place an arc BC — a between AC and 
CD, and another CB 1 = a between EC and CD, and so con- 
struct two triangles that have the given elements ; but if a = b 
the triangle ABC disappears, and if a >b the triangle ABC 
has the angle 180°- A instead of A, so that there only re- 
mains one triangle ACB' with the proposed elements, and that, 
only so long as a < 180°— 6. Next suppose AC* or b >90°, 
then if a < 180° — b we may place CB «= CB! = a on each side 
of the perpendicular CD, and so construct two triangles that 
have the given elements; but if a = tt - b the triangle ACB! 
becomes a lune, and if a > tt — b the triangle ACB" has a 
side >180°, so that there only remains one triangle ACB 
that satisfies the conditions, and that, only so long as a < 6. 

• The reader is requested to supply the letters in this part of the diagram. 
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Hence we conclude that there are, if 

i a < b two solutions, 

a = or > b one solution, 

a + b = or > 180° no solution ; 

1 a < 180° — b two solutions, 
a m or > 180°— b one solution, 
a = or > b no solution. 



51. Case II. Let the given angle be greater than 90“ ; 
then in exactly the same way, using the triangle ACD', we 
may shew that there are, if 



fc < 90° 



a > 180° - b 
a = or < 180“ 
a - or <6 



I a>b 
a = or <6 
a = or < 180° 



b 



b 



two solutions, 
one solution, 
no solution; 
two solutions, 
one solution, 
no solution. 



52. It is evident that by means of the Polar Triangle the 
discussion of the 5th Case of the solution of oblique-angled 
triangles, in which the data are A, B, a, may be reduced to 
the above; and we may apply the results just obtained to that 
case, if we change a, b, A into A, B, a, and the sign > into <, 
and < into >. In those cases where the given elements cor- 
respond to only one solution, the calculation will still indicate 
two; but the one to be taken may be always discerned by 
means of the property that the greater side is opposite the 
greater angle. 

Approximate solution of spherical triangles in certain cases. 

53. We shall now give a few instances of the application 
of Spherical Trigonometry to cases which allow the exact for- 
mulae hitherto obtained, to be advantageously replaced by ap- 
proximate ones of much greater simplicity. These instances 
chiefly occur in investigations which have for their object the 
correct representation of a portion of the Earth’s surface which 
is too large in extent to be considered as situated in one plane. 
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54. Let a, /3, y be the arcs forming the sides of a sphe- 
rical triangle situated on the surface of the terrestrial globe 
whose radius suppose r, and let a, b, c be the circular measures 
of the angles which those arcs respectively subtend at the 
Earth’s center, then a = a -j- r, b - ■+. r, c = *y-~r. Now 

although the arcs a, /3, y may be several miles in length they 
are so small compared with the Earth’s radius, that the angles 
a, b, c are very small, usually considerably below 1° ; and for 
angles of that magnitude the logarithmic tables do not enable 
us to attain sufficient exactness. It consequently is attended 
with much less trouble, and with equal accuracy, to reduce 
the solution of such triangles as we have described to that of 
plane triangles, which may be effected by means of the follow- 
ing Proposition. 



55 If the arcs which form the sides of a spherical tri- 
angle be very small relative to the radius of the sphere, then 
each of its angles will exceed the corresponding angle of the 
plane triangle whose sides are of the same length as the arcs 
forming the sides, by one-third of the spherical excess. 

Let A', B', O' be the angles of the plane triangle whose 
sides are a, yi 

cos a — cos b cos c 

then cos .4 =* : — - — ; ; 

sin b sm c 



2 4 

_ a a a 

but cos a » cos - = 1 + , 

r 2r* 2.3. 4r 



. . a 

sin a = sm - = 
r 



a 

r 



2.3 r’ 



expanding the cosine and sine in terms of the circular measure 
of the angle, and neglecting powers above the fourth ; and 
similarly for b and e; 



i df + y - «■) ♦ ^ («• - - y - s/3* y) 



(3y ( 




i* V 


6r“ j 
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= P' + y*- °* « 4 + ft* + y*~ gg’/y - 2° 7 g - 20V 

2/3<y 2ifty r 8 

= cos J' - — ^ sin® j4'. 

6r* 

Let = .4' + 0; .•. cos A = cos A' - 9 sin A ' ; 

By sin A' S , S 

■••0° .J T-«» « 4 = A' + — , 



3r® 



if «S denote the area of the plane triangle; hence since S 
does not alter when A is interchanged with B or with C, 



S + 



S_ 

Sr * 4 



c = + 

Sr* 



S S 

A + B + C ~ it + ‘— = it + E i ~E, 

r * r 

and A = A' + $E, B = B'+%E, C=C + $£. 

56. Hence when three parts of the spherical triangle are 
given, we can always obtain three parts of the plane triangle, 
by means of which all the parts of the spherical triangle be- 
come known. 

Suppose that the three arcs a, ft, y are given, then S the 
area of the plane triangle can be found at once, and therefore 

g 

E = -j— ; — - ; if then A', B\ C be computed from o, ft, y, we 
rani 

shall by adding to each one third of E expressed in seconds, 
obtain the values of A, B, C- 

Next suppose that A, ft, y are given, then iS = 

g 

AftysinA'=>^ftysmA nearly, therefore E= is known ; 

hence in the plane triangle ft, y, and A' = A - ^ E are known, 
and consequently its remaining parts, and therefore those of 
the spherical triangle, are known. If A, a, ft are given, then 

*3 
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• /3 sin A /3 sin A , , 

sm i? = = nearly; therefore C = 180° — A — B 

a a 

g 

nearly ; therefore S = -k a B sin C', and E = — — — y, . 

* r® sin 1 

, . . „ . , „ -y® sin A sin B , , 

If A, B, y are given, then »V = — ■ — — — nearly, and 

' 6 2 sm (A + B) J 

g 

E = — — ; and if A, B, a are given, then C = C' = 180° 
r sin r 

— A - B nearly, and we must proceed, as above, with the 
elements C, B, a- 



57- To reduce an angle to the horizon. 

Let BAC (fig. 12.) be an angle situated in an inclined 
plane, and having its vertex in the vertical line AD. Draw 
a horizontal plane meeting the lines AB, AC, AD in the 
points E, F, G; then the angle EGF is the horizontal pro- 
jection of / BAC, or the / BAC reduced to the horizon ; 
and it is required to compute /.EGF, supposing the angles 
BAC, BAD, CAD, determined instrumentally. Describe a 
sphere with center A and any radius, and let the planes 
EAF, FAG, GAE meet its surface in the arcs BC, CD, 
DB, forming the spherical triangle BCD; then its three 
sides are known, and the / BDC = EGF is the angle sought, 
and may be computed from the formula 




where /BAC = a, /BAD = b, /CAD=c, and * = ^(a+6+c). 

58. In practice, the angles b and c usually differ so little 
from right angles, that an approximate formula will suffice. 

Let 5 ■= -| 7r — h, e = ^ tt - A', then making sin h = h, 
cos A = 1 — ^A®, and supposing A = a + 0, where 0 is very 
small, we have 

cos a — sin A sin A' cosa — hh' 

COs(a + cos A cos A' = r-£(A®“ + A'®) ; 

.\ cos a — 6 sin a = (cos a - hh!) (1 + ^A® + ^ A'®) 

= cos a + ^ cos a (A® + A'®) — hh'; 
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0 = AA' cosec a - ^ (A* + A'*) cot o. 

Let p = ^ (A + A'), 7 - ^ (A - A') ; 

p 2 - 7* ■= AA', p 3 + 7 s = ^ (A 2 + A' 1 ) ; 

.•. 0 = (p 2 - T 2 ) cosec o - (p 3 + 7 s ) cot a = p 3 tan ^ a - 7* cot J o. 

59. Given two sides and the included angle of a sphe- 
rical triangle, to find the angle between the chords of those 
sides. 

Let ABC (fig. 15.) be a spherical triangle, O the center 
of the sphere, AB , AC, the chords of the arcs AB, AC, and 
a the angle included by them. Let pqr, be a spherical 
triangle described about A as center with any radius ; then 

cosp7 = cos pr cos qr + sinpr sin qrcosprq. 

But Lprq is the inclination of the planes AOB, AOC, and 

= t A, and pr = t BAO 90 P - ^ AOB ** 90 ° - ^c, 

qr=L CAO = 90° = £ AOC = 90 ° - ^6; 

cos a = sin ^ 6 sin 1 c + cos J b cos ^ c cos A. 

Let a = A — 0, where 0 is usually very small ; therefore, 
cos a = cos A + 0 sin A ; and the second member is the same as 

sin 2 £(6 + c) -sin 2 £ (b-c) + {cos*^ ( b+c ) - sin'^(A-c)} cos A. 

Hence, equating these values and reducing, we find 
0 =* sin 2 ^ (6 + c) tan ^ A - sin 2 ^ (6 - c) cot ^ A, nearly. 



60. Given two sides and the included angle of a spherical 
triangle, to find the spherical excess. 

. , E , . tanl(^+i?) + tan^C 

- cot 1 L = tan {) (A + B) + % C} = * . — D . t 

* ^ * ’ 1 -tan£ (A + B)tan £ C 



cos ^ (o - b) 



cot £ C + tan ^ C 



cos ^ (a + b) 

] _ i (“ - b) 

cos ^ (a -f A) 



*3 — 2 
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, . l + cos C , . 1 - cos C 

cos $ ( a _ 6 ) — [n C - + cos (a 4 

cos ^ (a + 6) — cos ^ (a - b) 

1 cos \ a cos A b 4- sin ^ a sin ^6 cos C 
= sin C ' - sin | a sin ^ b 

cot ^ E = cot ^ a cot ^ 6 cosec C + cot C. 

61. Given three sides of a spherical triangle, to find 
the spherical excess. 

tan££ = tan 4 (A + B) - \ (l8tf> - C)} 



_ sin L(A + B)- sin 1 (180° - C) 

~ cosl (A + B) + cosl (180° - C) 

= cos ^ (a - fc) - cos ^ c cos£C ^ 25 ) 

cos 1 (a + b) + cos ^ c sin ^ C 

sin 1 (o + c - 6) sin | (b + c - a) / s in s sin (s - c ) 

= cosl(a + b + c) cos ^(a + b -c) V sin(s-a)sin(s-6) 

= y /\ tan ^ s tan ^ (s — o) tan ^ (« - 6) tan ^ (* - c)}. 

62. Having given the latitudes and longitudes of two 
places on the Earth’s surface, to find their distance. 

Let P be the pole (fig. 9.) GQR the equator, A, B, the two 
places in the meridians PQ, PR ; PG the meridian of Green- 
wich ; then the difference of longitude = GR - GQ = QR 
= i. APB = C suppose, and the colatitudes PA = b, PB = a, 
are known ; so that in the spherical triangle APB there are 
given two sides and the included angle to find the third side 
AB=c, which may be done by the formulae (Art. 43.) 

cos a cos (b — 9) 

tan 9 = tan a cos C, cos c = - ; 

cos 6 

then if D be the length of a quadrant of the meridian in 

c 

miles, the distance of the places = D . — . 
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1. In any triangle, to find the arc AD intercepted be- 
tween a given point D in one of the sides, and the opposite 
angle, (fig. 8). 

cos AD = cos AB cos BD + sin AB sin BD cos B, 

and substituting for cos B its value in terms of the three sides, 
we get 

cos AD sin BC — cos AB sin DC + cos AC sin BD. 



^ 2. On the surface of a sphere to draw a great circle 

passing through a given point and touching a given circle. 

Let B be the given point, (fig. 16.), and P the pole of the 
given circle AC ; then if BC be a great circle touching AC, 
and PC be joined, PCB is a right angle ; and therefore 
cos BPC = tan PC cot PB, which determines the point C, 
and consequently the circle BC- 



3. If two arcs of great circles terminated by any circle, 
cut one another, the products of the tangents of the semi-seg- 
ments are equal to one another. 

Let AB, CD (fig. 17-) be the two arcs which intersect in 
F, P the pole of the circle in which they terminate ; join PC, 
PA, PF,* and draw the perpendiculars PH, PG. Then 

cos PF cos PA _ _ cos PF cos PC 

cos PG = — , cos PH-= — - ; 

cos FG cos AG cos FH cos CH 



cos CH cos AG cos CH — cos FH cos AG- cos FG 



cos FH cos FG’ cos CH + cos FH cos AG + cos FG 
or tan \AF . tan ^ FB = tan ^ CF . tan ^ FD. 

_ , . , _ sinl a sin Xb . 

4. To prove that sin X L = — - — 5 — sm C, where E 
* cos £ c 

is the spherical excess. 
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sin i E = sin (A + B) — ^ (180°- C) | 

= sin ^ (A + B) sin ^ C - cos^ ( A + B) cos \ C, 

■» {cos 4 (a - b) - cos 4 (a + b) | (Art. 25.) 

cos 4 c 



sin ^ a sin 
cos 

Hence, also, (Art. fio.) 

cos ^ E = { cos \ a cos ^ b + sin sin ^ b cos C| sec ^ c. 



i* 



sin C. 



5. If two arcs QBA, Qba, (fig. 18.), be intersected by 
two others Pa A, PbB, in the points A, B, and a, b, then 



sin AQ sinAa sin Pb 

sin BQ sin Pa sin Bb 



For 



sin AQ sin AQ sin Aa sin Bb 

sin BQ sin A a sin Bb sin BQ 



sin a sin A a sin Q sin A a sin a 

sinQ sin B h sin 6 sin Bb sin b 

sin A a sin Pb 
sin Bb sin Pa 



6. If two arcs ABC, a be, (fig. 18.) be intersected by 
three others which pass through the same point P, in the points 
A, B, C, and a, b, c, then 



sm Bb . sin A a 

— — — . sin AC = . ■ 

sm Pb sin Pa 



sin C c . 

sin BC + - — sin AB. 
sm Pc 



We have (p. 149.)* 

sin AC . sin BQ = sin AQ sin BC + sin AB sin CQ ; 
sin AQ sin Pc sin ./4a sin BQ sin Pc sin Bb 

sin CQ sinCc sin Pa ’ sin CQ sin Cc sin Pb 

Hence, eliminating sin BQ and sin AQ from the above 
equation, we get 



sin Bb 
sin Pb 



. sin AC 



sin A a . sin Cc 

• p s>n BC+ 

sin Pa sm Pc 



sin AB . 
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This may be written 
/sin PB \ i 

\^Pb- C ° sPB ) Sin AC=[ 



sin PA 
tan Pa 



— cos PA sin BC 



j sir 

/sin PC \ . 

f -■ ■ p cos PC ) sin AB \ but (Prob. 1.), 



cos PB sin AC = cos PA . sin BC + cos PC sin AB , 

sin PB . sin PA . sin PC . 

. sin AC = - — — • . sin BC + — . sin AB. 

tan Pb tan Pa tan Pc 



If P be the pole of AC, then 



tan Bb . sin AC = tan A a . sin BC + tan Cc . sin AB, 

which expresses the relation between the latitudes and longi- 
tudes of three places situated in the same great circle. 



7- The arc passing through the middle points of the 
sides of any triangle upon a given base will meet the base pro- 
duced, in a fixed point, whose distance from the middle point of 
the base is a quadrant. 



We have (fig. 18.) 



sin AQ 
sin CQ 



sin A a sin Pc 
sin Pa sinCc 



(Prob. 5.), 



if therefore a and c be the middle points of AP, CP, this becomes 

sin AQ — sin CQ ; .\ AQ + CQ = ISO” ; and if B be the middle 
point of AC, 

QB « £ (AQ + CQ) = 90". 



8. If one side of any triangle upon a given base be 
bisected by a secondary to the great circle which bisects the 
base at right angles, the other side will also be bisected by it. 

For if QB = 90", then AQ + QC = 180°, and sin AQ = sin CQ ; 



sin A a sin Cc 

sin Pa sin Pc 



and if A a 



Pa, then Cc — Pc. 



9. All triangles upon a given base, and which have the 
middle points of their other two sides in the same great circle, 
are equal in area. (Fig- 19 ) 

Let AB be the given base, D its middle point, D K = 90", 
KFG any circle passing through A' ; then if ACB be a triangle 
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haring one of its sides AC bisected in G, the other will be 
bisected in F (Prob. 8.) ; and if E be its spherical excess, 

, _ cot i a cot i c + cos B _ , . , 

cot i E = — ■= cot A cosec * c, from the 

4 sm£ * 

triangle KBF (Art. 22.), since KD = 90°; .\ E is invariable. 
Also 

cos FG = cos ^ a cos ^ 6 + sin ^ a sin ^ b cos C = cos^ E cos ^ c, 

(Prob. 4.), therefore the distance of the middle points of the 
sides of all the triangles is the same. 

10. Upon a given base to construct a triangle which shall 
have a given angle at the base, and shall be equal in area to .a 
given triangle upon the same base. 

AB (fig. 20.) the given base, and ACB the given triangle, 
GF the arc joining the middle points of its sides. 

Make BAG! = the given angle, take G'F = GF, and pro- 
duce BF' to meet AG' in C'; then ABC is the triangle required 
(Prob. 9). 

11. To construct a triangle which shall be equal in area 
to a given triangle, and have an angle in common with it, and 
have one of the sides containing that angle of a given length. 

ACB the given triangle (fig. 21.) and C the given angle. 
Take CB' equal to the given side, bisect BB' in F, and AB in 
G ; produce FG to meet CA in F ', make FA' = FA, and join 
A' S ' ; then A'CB' is the required triangle. For the triangles 
A! AB’, ABB', are evidently equal to one another. (Prob. 9). 

12. To find the locus of the vertex of a spherical triangle 
of given base and area. 

AB the given base (fig. 19.), D its middle point, Dp = w, 
pC ■= y the spherical co-ordinates of the vertex of the triangle 
whose area is E, a and /3 the areas of the right-angled triangles 
ACp, BCp, respectively ; 

then cot ^ a — cot e + ^ ®) cot ^ y, (Art. 60.) 
cot £ cot (^ c - ^ d) cot ^ »/ ; 
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, , „ COS X + COS 4 c , . „ _ . „ 

•• cot 4 a . cot 4/3 = . ~ h cot* 4 y, (p. 3* PI. Trig.), 



cot 4 a + cot 4/3 



cos x — cos 4 c 

9 sin 4 c 



cot4y, (p. 36); 



cos m — cos 4 c 

cot4acot4/3-l _ co$4c cosec , 4«/+cosx (cot’4y-l) 
* cot 4 a + cot 4 /3 2 sin 4 c cot 4 y 

= cot 4 c . cosec y + cos x cosec 4 c cot y ; 
or cos 4 c = sin 4 c cot 4 E sin y — cos x cos y, 

the equation to the required locus. But if x', y, be the co-or- 
dinates reckoned from D of the pole, and r the angular radius 
of a circle of the sphere, the equation to its perimeter is 
evidently 

cos r = sin y sin y + cos y cos y cos (x — x'), 
which coincides with the above if 



, , . , , „ cosr , 

x = 0, - tan y = sin 1 c cot * L, } = cos 4c, 

cos y * 

which determine x', j/, r. The first shews that the center M of 
the locus lies in the secondary DD' to the base through its 
middle point ; the second that y' = A K + 90° = DE + 90®, 
GEF being an arc joining the middle points of the sides AC, 
BC, (Prob. 9-) ; the third that if AC, and BC, be produced 
to meet the circle ADB in A',B', then A', S’, are points in 
the locus; for cos MD' = — cos y, and A’D'=* 4 cosr = 
cos MD' cos A'D'; 

r = MA' = MB'. 



13. To find the angular radius of the circle which passes 
through the angular points of a given triangle, in terms of its 
angles, or sides. 

Draw the arcs a O, bO, (fig. 22.), perpendicular to the sides 
BC, AC, through their middle points, and draw Oc perpendi- 
cular to AB. Join OA, OB, OC; then O is evidently the 
pole of the circumscribed circle, and c the middle point of AB. 
Hence zC + OAB = 4 (A + B + C), or OAB = S — C ; but 
from the right-angled triangle OAc, cos OAc = cot OA tan A c , 

tan 4 c 



tan R 



cos {S - C) 
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Also, cos (S - C) = cos^ (A + B) cos ^ C + sin A (A + B) sin ^ C, 

, , sinACcosiC cos A a cos A^sinC 

- “srfr- • 



tan R = 



cos A a cos-^ 6 sin C ' 



and if for tan A c, sin C, we substitute their values (Arts. 48 
and 36), we get tan R expressed in terms of the angles and 
sides respectively. 



14. If 0 be the pole of the circle circumscribing a triangle 
ABC, then 

cos ^ AOB = cos 1 a cos ^ b cos C + sin C a sin 1 b. 

This results from Art. 59, for it is evident that the angle 
between the chords of AC and BC is half the spherical angle 
AOB. 



15. To find the angular radius of the circle which touches 
the three sides of a given triangle, in terms of the sides, or 
angles, of the triangle. 

Bisect the angles A and B by the arcs of AO, BO, (fig. 22.) 
join CO, and from 0 draw the arcs Oa, Ob, Oc perpendicular 
to the sides, or sides produced ; then these perpendiculars are 
evidently equal to one another, therefore 0 is the pole of the 
required circle, and angle C is bisected by OC; also Ac = Ab, 
Ba = Be and Ca = Cb. Hence, when the circle is inscribed, 
AB + Cb = £ (a + b + c), or Cb = s - c; and when the circle 
touches the side c and the two others produced, Cb = s ; but 
from the right-angled triangle CbO, sin Cb = tan 06 . cot ^ C; 

therefore, for the inscribed circle, tan r = sin ( s - c) tan ^ C ; 
and for the circle which touches the side c, and the two others 
produced, tan r = sin s tan A C. 

Also tan r = ) sin ^ (a + b) cos^ c - cos^ (a + 6) sin^c} tan ^ C, 

, , , „ , , sin A c cos A c 

- {cos i (A - B) - cos \{A+B)) , 

„ s ’" ^ ^ S ' n . sin c ; and similarly, 
cos ^ C 
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and if for tan C, and sin c, we substitute their values, we get 
tan r and tan r expressed in terms of the sides, and angles, 
respectively. 

16. If three arcs be drawn from the angles of a triangle 
through any point P, to meet the opposite sides in A', B‘ , C , 
and M be the pole of the circumscribed circle, then 

sin PA' sin PB‘ sin PC' cos PM 
sin A A' sin BB' + sin CC COS R ' 



Let 0 (fig. 23.) be the center of the sphere, and let the 
radii OP , OM, OB', OA', meet the plane of the circumscribed 
circle in p, rp, b, a ; then L Omp = <)0°, and 

pb Op sin PB' Op Om sin PB' cos BM sin PB' 
ifb = OB sin /?#' = Om OB sin BF? = cos PM' sin BB! ' 



pa pb pc 

A a Bb + Cc 

sin PA' sin PB' sin PC^ cos BM 
sin A A' + sin BB' sin CC) ’ cos PM 



17. To find the angular distance between the poles of 
the inscribed and circumscribed circles. 

Suppose P (fig. 23) to be the pole of the inscribed circle ; 
then from the right-angled triangle PNB' 

. . nrt • xV S ' n Pit ■ XX • 

sin r = sin PH sin B = — — — sin C sin a, 



cos D 



sin BB' 

1 sin a + sinh+sinc 



’cosPsinr sinSsinc + sinCsina^"sinxI sin6 
where M = sin b sin c sin A 



+ . 



M 



= 1 — cos* a — cos* b — cos* c + 2 cos a cos b cos c, 

2 sin s 4 sin \a sin J h sin 

R = ~ . , ; 



and cot r = — , tan 
M 



M 



/ cos DC 
\cosj? sin r) 
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« T^.(l + sin a sinft + sin a sine + sin 6 sine - cosa cost cose) 

M 

- — {2sin^(a + 6)cos^c + 2eos^(a -6)sin^cp (p. 149.) 

= — {2sins + 4sin^asin^fesin^c}* 

= {cotr + tan# j*; 

sin* D = sin* (R - r) — cos* R sin* r. 

If the circle touch the side e and the two others produced, 
then it will be similarly found that 

sin* D = sin* (/? + /)- cos 5 R sin* r. 

18. If three arcs be drawn from the angles of a triangle 
through any point to meet the opposite sides, then the products 
of the sines of the alternate segments of the sides are equal to 
one another. 

By Prob. 5. we have, (fig. 23.) 
sin EC sin CB‘ sin C'P sin AC' sin CA' sin C P 
sin BA sin A B' sin CP ’ sin AB sin BA' sin CP ’ 
sin AC' sin AB" . sin CA' 
sin BC' sin CB' . sin BA' ' 

Conversely, when the points A', B', C' in the sides, 
satisfy this condition, the arcs joining them with the opposite 
angles, intersect one another in the same point. The cases in 
which this condition is fulfilled are exactly the same as for 
plane triangles. If A’, B', C' be the feet of the perpendiculars, 
the condition is evidently fulfilled, since we have from the 
properties of right-angled triangles, 

cos AC cos CB 1 cos BA' = cos BC cos AB' cos CA', 

tan AC' tan CB' tan BA' = tan BC tan AB' tan CA'. 

19. The product of the sines of the semi-diagonals of a 
quadrilateral inscribed in a circle, is equal to the sum of the 
products of the sines of half the opposite sides. 
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Let the dotted lines (fig. 24.) represent the chords of the 
arcs ; then they all lie in the plane of the circle circumscribing 
the quadrilateral, and 

AD . BC = AB . CD + AC . BD ; 

.\ sin ^ AD . sin^5C = sin \AB . sin J CD + sin ^AC . sin \BD. 

It is easily seen that the sums of the two opposite angles of 
the quadrilateral are equal to one another. 

20. If S be the number of the solid angles of a polyhe- 
dron, F the number of its faces, E the number of its edges, 
then S + F = E + 2. 

From any internal point as a center, suppose a sphere to 
be described with radius 1 ; join the center with each of the 
angular points of the polyhedron, and then join all the points 
where these lines meet the surface of the sphere by arcs of great 
circles ; there will thus be formed as many polygons as there 
are faces. 

If therefore s be the sum of the angles of any one of these 
polygons, and n the number of its sides, (since it may be divi- 
ded into as many triangles as it has sides, having a common 
vertex) its area = s + 2w — mtt; and therefore, adding the areas 
of all the polygons together of which the number is F, 

area of sphere = 4ir = 2 («) + 2 Fir - ir2 (re). 

Rut 2 («) = sum of all the angles of all the potygons 
= 2 tt x number of solid angles = 2 ttS ; and 2 (re) = number 
of all the sides of all the polygons = twice the number of 
edges =2 E, because each edge gives an arc common to two 
polygons ; 

.'. 4>tt = HttS + 2ttF — 3ttE, or S + F = E + 2. 

21. There can be only five regular polyhedrons. 

In the case of a regular polyhedron, every face has the 
same number (re) of sides, and every solid angle the same 
number (m) of faces; and the entire number of plane angles in 
all the faces is equally expressed by nF or mS or 2E ; 

.\ nF=mS=2E, and S + F=E + 2; hence 
4re 

S = — , which must be a positive integer ; 

2 (to + n)-mn ° 
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but the greatest value both of — and - is - , 
m n 2 m n 3 

therefore neither — nor - can be so small as - ; therefore 
m n 6 

the only admissible values for m and n are 3, 4, 5 ; and those 
combinations of them must be taken which make S, F, and E 
integers. It will he found that if the faces are equilateral 
triangles, or n = 3, we may form each solid angle of the poly- 
hedron with 3, 4, or 5 angles of these triangles, and so form 
the tetrahedron, the octahedron, and the icosahedron, or the 
solids of four, eight, and twenty faces, respectively. If the 
faces are squares, or n = 4, we may form each solid angle with 
three plane angles, and so form the cube or hexahedron ; and 
if the faces are pentagons, or n = 5, by uniting three of their 
angles to form a solid angle, we obtain the dodecahedron ; and 
these are all the regular polyhedrons that can exist. 

22. To find the inclination of two adjacent faces of a 
regular polyhedron, and the radii of the inscribed and cir- 
cumscribed spheres. 

Let AB = a (fig. 25.) represent an edge of the polyhedron 
common to two adjacent faces whose centers are C and E ; 
CO — r the radius of the inscribed, AO = R that of the cir- 
cumscribed sphere ; OD perpendicular to AB. Let the planes 
AOC, COD, AOD, meet the surface of a sphere whose center 

is 0, in the arcs pq, qr, rp ; then z q = A . — , z p = — , 

n 2w» 

and t r = |t; ••• cos p = cos qr . sin q ; but cos qr = cos COD 
= sin CDO = sin ^/, if / = z CDE ; .\ sin = 



7T 

cos — 
m 



. TT 

sin — 
n 

. , R 7T 7T 

• Also cos pq = cot p . cot q, or — = tan — tan — , 

r m n 

and R : = r 3 + £ a 1 cosec 8 ^ , from which equations R and r may 
he found. 
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n 7r 

The area of each face — - a* cot — ; 

4 n 



nF 



.*. area of surface of polyhedron = o’ cot - , 

4 n 

and volume = i area of surface x radius of inscribed sphere. 

Also the radius of the sphere to which the edges are tan- 
gents OD = and that to which one face and the n 

adjacent ones produced, are tangents, 



CD cot \ I = cot - cot 



23. To find the volume of a parallelopiped in terms of its 
edges and their inclinations to one another. 

Let the edges be SA = a, SB = b, SC** c, (fig. 27.), and 
the angles which they make with one another BSC = a, 
ASC = /3, ASB = y ; drop the perpendicular CO from C 
on the plane ASB, and let arc FG be the intersection of the 
plane CSO with the surface of a sphere whose center is S, 
and DE, EF, FD, the intersections of the faces of the paral- 
lelopiped with the same sphere. Then volume of parallelopiped 
= area of base AB x altitude CO = ab sin y x c sin FG 

— a be sin y x sin a sin E, from the right-angled triangle FEG, 

= abc \/ 1 — cos' a — cos' 1 fi — cos' y + 2 cos a cos fi cos y. 



24. To find the diagonal of a parallelopiped in terms of 
its edges, and their inclinations to one another. 

Let FH be the intersection of the plane SPT with the 
sphere whose center is S ; then 

ST , =SP‘+PT 1 +2SP . PT cos FH 

SP 

=a 2 +6 , +2a6cos'y+c ! +2c. |cosa.sin/fZ)+cos/3sin/f£{ 

siny' 

=a'+6 s +c 2 +2o6 cos'y+2c J6cosa+acos , (Prob. 1.) 

25. Given the six edges of any tetrahedron, to find its 
volume. 

Let SABC (fig. 27.) be the tetrahedron ; then it will 
evidently be one-third of the prism whose base is ASB and 
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height CO, and consequently one-sixth of the parallelopiped 
whose edges are SA, SB, SC, and therefore its volume 

= \abcy / 1 — cos' a - cos*/3 - cos* y + 2 cos a cos /3 cos-y ; 

but if AB = c', AC = b', BC = a', then Sa&cos'y = a* + 6 s - c'*, 
2 ac cos /3 <= (I s + c* — b'*, 2 be cos a = 6* + c s — a*; and these 
values of the cosines may be substituted. 



26. To find the radii r and R of the inscribed and cir- 
cumscribed spheres of any tetrahedron. 

First we have x area of surface = volume. 

Also the center of the circumscribed sphere will evidently be 
the intersection of two lines at right angles to two faces, 
passing through the centers of their circumscribed circles. 
Let EDF (fig. 28.) be a plane bisecting the edge SC at right 
angles, and therefore containing the perpendiculars EO, FO, 
to the faces ACS, BSC, through the centers of the circles 
which circumscribe them, and consequently O the center of 
the circumscribed sphere. Then 

( FE \ 3 

-- — ) 

sin D1 



= $ D2 + -vrs ( ED2 + DF> -ZED. DF cos D); 
sn\ J D 

, „ _ a - c cos B ^ b — c cos a 

where SD ■= ic, ED = ; — , DF = : , 

* 2 sin p 2 sm a 



and cos D 



cos y — cos a cos 
sin a sin /3 



Or, if the length of an edge, the inclination of the faces which 
intersect in it, and the angles which it subtends at the other 
vertices of the tetrahedron be given, then 



SD 1 

SO 3 *= SD* + ■ (cot 3 A + cot 2 2? - 2 cot A cot B cos D). 

sin 3 D 



27. To determine the arc which joins the vertices of two 
given triangles upon the same base. 

Suppose the base bisected in O (fig. 20.); then (Prob. 1.) 
2 cos ^c cos CO = cos a + cos b ; and if p be the perpendicular 
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from C on AB, sin c sin p = sin a sin 6 sin C ; and similarly for 
the triangle AC'B. H ence 

cos CC' — cos CO cos CO + sin CO sin C'O cos ( AOC — AOC ) 
but 

sin CO sin cos AOC = cos b - cos ^ c cos CO = ^ (cosh — cosa), 
sin CO sin AOC = sin p ; 

.*. sin 2 c cos CC = (cos a + cos 6 ) (cos a + cos 6') sin 2 ^ r. 

+ (cos b — cos a) 

x (cos b' - cos a') cos 2 |c + sin a sin b sin C sin a' sin b' sin C'; 

which will contain only the sides, if for sin C, sin C, their 
values be substituted. This is the Problem of finding the 
latitude from two altitudes of the Sun and the time between. 

28. If M be the pole of the circle circumscribing an 
equilateral triangle ABC , and P any point on the sphere, then 
( fi g- 23.) cos PA + cos PB + cos PC = 3 cos R cos PM. 

cos PA = cos R cos D + sin R sin D cos AMP, 
cos PB = COS R cos D + sin R sin D cos (l 20° — AMP), 
cos PC = cos R cos D + sin R sin D cos (120° + AMP); 
cos PA + cos PB + cos PC = 3 cos R cos D. 

29. If in a spherical triangle the angle C and the oppo- 
site side c remain constant, to find the relations between 
the corresponding small variations of any two of the other 
parts. 

First for § a and $ b the variations of the sides a and b. 
Writing down, in this and all similar cases, the formula in- 
volving the constant elements, and the two whose variations 
are to be compared, we have 

cos c = cos a cos b + sin a sin b cos C, 

.-. cosc = cos (a+Sa) cos (&+$£>) + sin (a+$o)sin (6+56) cos C; 

or since Sa is very small, and therefore sin 5a = 5 a, cos 5a =■ 1, 
and the same for 56, 

cos c = (cos a - sin a5a) (cos 6 - sin 656) + (sin a + cos a5a) 
x (sin 6 + cos 656) cos C ; 
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hence, subtracting, and neglecting terms involving SaSb, 

0 = &i(sin a cos 6 —cos a sin 6 cos C ) + S b (sin b cos a —cos 6 sin a cos C), 
or, dividing by sin a sin b, we get (Art. 22.), 

$ ci 

0= cot B sinC + — — cot A sinC; Sa cos B+Sb cos A = 0. 

sin a sin b 

Hence from the polar triangle, if S A, SB be the variations 
of the angles, whilst C and c remain unchanged, 

S A cos b + SB cos a = 0. 

The above result may be also obtained geometrically as follows. 



Let ACB (fig. 26.) be the triangle, and Ca, Cb, the altered 
values of the sides, so that nb = AB ; draw the arcs aa, Bi 3 
perpendicular to AO, bO, then a/3 = Ba nearly, and therefore 
Aa = 6/3, or, since the triangles A a a, Bbfi may be regarded 
as plane triangles, 

Aa cos A = Bbcosb, or Sa cos B + Sb cos A = 0, nearly. 

To compare the variations of A and a, or of A and b, we 
must proceed in the same way with the equations 

sin A sin c = sin C sin a, 
cot C sin A = cot c sin b — cos A cos b ; 
and we shall find 

cot ASA = cot aSa, cos BS A = — cot a sin ASb. 

30. To compare the corresponding small variations of 
any two of the other parts of a triangle, supposing two angles 
B, C, or two sides h, c, to remain constant. 

First, suppose B and C to remain constant ; then proceed- 
ing as above with the equations 

cos A = — cos B cos C + sin B sin C cos a, 

sin b sin C = sin c sin B 

cos B = — cos A cos C + sin A sin C cos b, 

cot B sin C *= cot b sin a — cos C cos a. 
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we find 

lA «= sin 6 sin Cla, cot bib = cot clc, sin Alb = cot cl A, 
sin Alb = sin B cos cla. 

Hence by the Polar Triangle, supposing the two sides 
b and c to remain constant, we have 

la = sin B sin cl A, cot BlB = cot ClC, 

sin alB = — cot Cla, sin alB = — sin b cos ClA. 

31. To compare the corresponding small variations of 
any two of the other parts of a triangle, supposing an angle 
and a side adjacent to it, A, c, to remain constant. 

la = cos Clb, tan alC = — tan Cla, 1C = — cos alB, 

sin alB = sin Clb, tan alC = — sin Clb, 

sin alB = tan Cla. 

32. From any formula in Spherical Trigonometry in- 
volving the parts of a triangle, one of them being a side, to 
deduce the corresponding formula in Plane Trigonometry. 

Since the quantities involved are the angles of inclination 
of the faces and edges of a solid angle expressed by their cir- 
cular measures, if we suppose a, /3, y to be the lengths of the 
arcs in which the planes of the faces cut the surface of a 
sphere described from the vertex of the solid angle with any 
radius r, we shall have a = ar, fj = br, y = cr ; and if we 
substitute for a, b, c, these values in the proposed formula, and 

then suppose r to be very large so that - , — , — , become 

r t r 

very small, and therefore sin - , cos - , 8tc. may be replaced 

by one or two terms of their expansions, we obtain a nearly 
exact relation between the lengths of the arcs upon a sphere 
whose radius is r, and the angles of inclination of the planes in 
which the arcs lie; and if we now make r infinite, we obtain 
an exact relation between the sides and angles of a plane 
triangle. Thus, as at Art. 55 , we have 
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cos A = 



a /3 7 

COS — cos — cos — 
cos a — cos b cos c r r r 



sin b sin c 



. P • 7 

sm — sin — 



0 7 



/3 a + 7 2 - a ! a* + 8 tc. . 

= — ^ — + 24 / 3 ^p near y ’ su pp° sln s r ver y lar g e i 

making r infinite, we get for a plane triangle whose sides 
are a, /3, 7 , 

ff + 7 »-q‘ 
cos a ^ . 

2 / 3 7 
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